Consider the MAXVAR risk measure on L 2 space. We present a simple and direct proof of its coherency and aversity. Based on the observation that the MAXVAR measure is a continuous convex combination of the CVAR measure, we provide an explicit formula for the risk envelope of MAXVAR.
Introduction
In Cherny & Madan [2] and Cherny & Orlov [3] , a new kind of risk measure -"MAXVAR" -is proposed, which is useful in the analysis of large portfolios. Given a probability space (Ω, Σ, P 0 ) and a random variable X : L 2 (Ω, Σ, P 0 ) → R, where L 2 (Ω, Σ, P 0 ) is the square integrable Lebesgue space (L 2 for short), the MAXVAR is defined as MAXVAR n (X) := E(max{X 1 , · · · , X n }),
where X 1 , · · · , X n are i.i.d. copies of X. We call MAXVAR(·) the "MAXVAR risk measure".
Note that MAXVAR(·) is always finite on L 2 since |MAXVAR n (X)| ≤ nE(|X|) < +∞ for any X ∈ L 2 .
In [2, 3] , the name of "MINVAR risk measure" was used. Since we treat risk measures as a nondecreasing function, we use "MAXVAR risk measure" instead. Obviously, we have MAXVAR n (X) = −MINVAR n (−X). Different from papers [2, 3] , which considered coherency of MINVAR in L ∞ space, this paper deals with the L 2 space. Our proof of the coherency of MAXVAR risk measure is direct and independent of [2, 3] . Moreover, we show the risk averseness and give an explicit formula for the risk envelope of MAXVAR.
In Section 2, we present a simple proof for the coherency of MAXVAR. We show its aversity in Section 3. Section 4 is devoted to the discussion of a continuous representation of MAXVAR and Section 5 provides an explicit formula for its risk envelope.
Coherency of MAXVAR
In this section, we show that MAXVAR is a coherent risk measure in basic sense of Rockafellar.
Theorem 2.1 MAXVAR(·) is a coherent risk measure in basic sense. Proof of (A2): For any X ∈ L 2 and 0 ≤ λ ≤ 1. Take (
by definition of MAXVAR we get
Proof of (A3):
n is the distribution function of max{X 
We then have the next theorem.
Föllmer and Schied [4] proved that if R is a coherent, law-invariant risk measure in
other than E(·), then R is averse, where "law-invariant" stands for that Proof of Theorem 3.1 On one hand, for any X ∈ L 2 , let X 1 , · · · , X n be i.i.d. copies of X. Then we have
On the other hand, if MAXVAR n (X) = E(X) (n ≥ 2), then E(max{X 1 , · · · , X n }) = E(X 1 ).
So max{X 1 , · · · , X n } = X 1 almost surely. Similarly, max{X 1 , · · · , X n } = X 2 almost surely.
Therefore, X 1 = X 2 almost surely. But X 1 and X 2 are independent, we must have X 1 equals to a constant almost surely, which is equivalent to say X equals to a constant almost surely.
Therefore, MAXVAR n (X) > E(X) for nonconstant X, which implies that MAXVAR n (·) is averse when n ≥ 2. ✷
MAXVAR as a continuous convex combination of CVaR
An important coherent risk measure in basic sense is the conditional value at risk (CVaR)
popularized by Rockafellar and Uryasev [6] . Among several equivalent definitions of CVaR, the most familiar one is probably the following.
CVaR α (X) = min
where (t) + = max(t, 0), the minimum is attained at β * = VaR α (X), and the VaR ( "Valueat-Risk") is defined as
In this section, we show that MAXVAR n (·) is certain "continuous convex combination"
of the CVaR measure in the sense that MAXVAR n (·) = Theorem 4.1 For any X ∈ L 2 , we have
where
is the weight function. 
We then have the following lemma, which implies that the CVaR measure can be written as the "Choquet integral" with respect to f α (·).
Lemma 4.1 For any X ∈ L 2 and α ∈ [0, 1], we have
The last step above is due to (4.1) and (4.2).
which completes the proof. ✷ Proof of Theorem 4.1 Define
It is not difficult to check that
where g α (x) is as defined in (4.3). By (2.1), for any X ∈ L 2 we have 
for any X ∈ L 2 , as desired. ✷
Remark. Theorem 4.1 says that MAXVAR n (·) is a continuous convex combination of the CVaR measure, its coherency in basic sense follows from Proposition 2.1 of Ang et al [1] .
Therefore, Theorem (4.1) provides an alternative proof of the coherency of MAXVAR n (·).
The risk envelope of MAXVAR
is a coherent risk measure on L 2 , by the dual representation theorem (Rockafellar [5] ), there exists a unique, nonempty, convex and closed set Q n ⊆ L 2 , called "the risk envelope of MAXVAR n (·)" such that
In this section we aim at characterizing the risk envelope of MAXVAR n (·)". First recall the following well-known result for the discrete convex combination of the CVaR measure, which can be found in Rockafellar [5] and whose proof can be found in Ang et al [1] .
with positive weights λ i adding up to 1. Then R is a coherent risk measure in the basic sense and its risk envelope is
A continuous version of Proposition 5.1 gives the risk envelope of MAXVAR as follows. is the weight function (0 0 is defined to be 1), and "cl" stands for the closure in L 2 .
Proof. Note that the integration " for any X ∈ L 2 . Furthermore, it is easy to check the convexity of Q n . Since Q n is closed in L 2 , it follows from the dual representation theorem that Formula (5.2) implies that (5.1) is the risk envelope of MAXVAR n (·). ✷
